
Designing a Line
Goals

• Identify irrational numbers and rational numbers as points on a
number line  

• Interpret addition and multiplication of rational and irrational
numbers as operations on a number line

• Compare the infinite decimal interpretation of real numbers with
the geometric interpretation with respect to the operations of addi-
tion and multiplication

Materials and Equipment
For each student—

• A copy of the activity sheet “Designing a Line” 
• Two 3-by-5-inch index cards (unlined)
• A three-foot length of fabric ribbon, bias tape, or adding-machine

paper tape for a number line. (Students must be able to write easily
and neatly on the ribbon or tape. Fan-fold printer paper, cut into
strips, will also work.)

• A pencil, pen, fine-tipped marker, or other appropriate device for
marking on the ribbon or tape

For each group of four students—  

• A sheet or two of regular binder paper (lined) 
• (Optional) Two or three sheets of tagboard or construction paper

and a roll of transparent tape 
• (Optional for each pair of students) A compass and a straightedge

Discussion
In this activity, the students suppose that a fictitious archaeological

association, the Ancient Egyptian Revival Society, wants them to recreate
a system for measuring length from 2000 b.c. The students imagine
that the society is mounting an exhibit and has asked them to make a
number line based on a palm. For the task, each student has a strip of
fabric or paper as well as a 3-by-5-inch index card to measure a palm 
(approximately 3 in.).

The activity sheet tells the students that the ancient Egyptians used a
palm and a cubit as basic measures of length. A cubit was the distance
from the elbow down the forearm to the tip of the middle finger. A
palm was the width of the hand at the base of the four fingers. The
Rhind Papyrus, one of the oldest extant mathematical documents, treats
a palm as one-seventh of a cubit. 

Students begin their work by placing marks on the number line to
correspond with a variety of palm-lengths:
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Would the Ancient Egyptian
Revival Society think that
machine-ruled binder paper was
as anachronistic a tool as a ruler
for making a palm number line?
Students could construct
equally spaced parallel lines with
a compass and a straightedge,
but the construction would be
tedious, and a sheet of lined
paper can save a great deal of
time. 

Call your students’ attention to the restriction that the society has
imposed: in keeping with ancient technology and methods, the students
must forgo using such tools as a ruler or a calculator. Instead, they must
use geometry to devise methods of constructing fractional parts of a palm.

This goal will be challenging for many students, and some may come
up with methods that quickly bring them back to the ruler. For
instance, when constructing one-sixth of a palm, students might think
of dividing 3 inches (the approximate size of a palm) by 6, thus deter-
mining that 1/6 of a palm is roughly 1/2 of an inch. These students
might then want to use a ruler to measure 1/2 inch on their number
lines. Tell them that this method would certainly work and has merit.
However, the activity specifically asks them to use geometry.

The students can be quite inventive in the geometry that they choose
to use. For example, to find sixths, a student can lay the three-inch side
of the index card on lined notebook paper in such a way that it exactly
spans six equal spaces between lines (see fig. 1.2). The intersections of
the lines with the edge of the card will divide its three-inch edge into
six equal parts. 

Fig. 1.2. 

Using lined binder paper and the 3-inch edge 
(�1 palm) of a 3-by-5-inch index card to form 
six equal subdivisions of a palm

Fig. 1.3.
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Using 3-by-5-inch index cards to
determine llengths for 2 palms and

3 palms

a. Using the 3-inch edge ( 1 palm)
of a 3-by-5-inch

≈
index card to

construct a fold-line off length
2 palms

b. Using the 3-inch edgge ( 1 palm)
of a second 3-by-5-inch i

≈
nndex card,

along with the length establlished in
(a) for 2 palms, to construct a
fold-line of length 3 palms

To find the length of 2 palms for the numberr line, a student might
fold his or her indeex card as figure 1.3a shows. To find 3 palmms, the
student could use the length that hee or she just obtained for 2 palms,
along witth the unit palm-length, as the legs of a rright triangle, folding
to obtain the hypoteenuse of 3 palms, as figure 1.3b shows. Likkewise, to
determine the length of 5 palms, tthe student could form a right triangle
withh legs equal to 2 palms and 3 palms. Your sstudents can generate
many other square rooots by the same method.



The students can readily find the length of π palms without a calculator
or a ruler. They can roll a sheet of paper into a cylinder with a diameter
of one palm. (Construction paper or tagboard, if either is available, will
produce a cylinder of greater sturdiness.) By wrapping their number
lines around the cylinder, starting at the 0 point and marking one com-
plete revolution, students can find the length of π palms. See if your
students can discover this method on their own.

Next, the activity introduces the students to operations on their
palm-length number lines. In step 2, they investigate how to find
lengths for (a + b), (a - b), (a � b), and (a � b) palms when they are

Though the activity doesn’t require a compass or a straightedge,
steps 3–5 let the students encounter compass-and-straightedge methods
for constructing lengths equal to (a � b) palms and (a � b) palms, given
a and b. Working now in pairs, the students join their number lines at
the 0 points to form a right angle. (They can use a corner of an index
card to produce a right angle.) This arrangement allows them to simu-
late examples of compass-and-straightedge constructions of similar 
triangles (see the diagrams below). The students consider whether the
triangles have to be right triangles, discovering that any pair of similar
triangles will give the same results. They generalize their results with
specific lengths to explain why the constructions yield a � b and a � b
for any values. 
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1 palm

“[High school
students] should
understand that

given an origin and a unit
of measure, every point on a

line corresponds to a real
number and vice versa.”

(NCTM 2000, pp. 291–92)
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given and . Specifically, they are askeda b to find lengths for ( 2 + )
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the product ( 2) palms, studentsπ × can construct a cylinder whose
diameter is 2 palms, wrap their number lines one compllete turn around
it, starting at 0, and markk the resulting length in palms on their nuumber
lines. The new point will correspond tto the cylinder’s circumference,
which is (( 2) palms.
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You may decide that actually doing the constructions would be useful
and appropriate for your students. If you wish, you can ask them to use
a straightedge and a string compass to create similar triangles, as in the
diagrams. 

The students should grasp two key concepts:

1. All the real numbers—rational and irrational alike—can be
thought of as representing points on a number line.

2. All the common arithmetic operations can be modeled 
geometrically. 

This work with number lines can help the students develop a sense of
number and operation that allows for treating rational and irrational
numbers in the same way. 

In step 6 of the activity, the students examine the properties of real
number operations from a geometric point of view. As before, they use
similar triangles, this time demonstrating that (a) the geometric method
of multiplication is a commutative operation with 1 as the multiplicative
identity and (b) any number except 0 has a multiplicative inverse under
this operation.

The students are now set to consider how they might multiply two
real numbers considered not as points with equal status on a line but as
infinite, nonrepeating decimals. They consider numbers in this way in
step 7, discussing how they could now perform operations and make
calculations like those that they handled so neatly with geometry in step 2: 

These discussions should help your students gain a new perspective on
issues at the heart of real numbers and their operations.

Needless to say, no one expects the students to articulate a theory of
infinite decimals in any formal way. However, as a result of their discus-
sions, they should develop a better appreciation for the basic features of
the real number system—the backbone of mathematics in grades 9–12.

Step 8 concludes the activity by returning briefly to the scenario with
which the students began. They now consider what numbers, if any,
they might want to add to their number lines to get them ready for the
Ancient Egyptian Revival Society. For example, they might wish to mark
out seven palms on their lines as the length that the Rhind Papyrus
gives for one cubit. 

The students might also research the history of irrational numbers,
as well as the Pythagorean theorem, which they apply in creating their
number line. Noting the eras of these discoveries can broaden the stu-
dents’ acquaintance with the history of mathematics while raising inter-
esting questions of chronology in the context of the scenario. The
Ancient Egyptian Revival Society wants the students’ number lines to
recreate a measuring system from 2000 b.c. Would the society question
the authenticity of including irrational numbers, such as and ? 
Would the society regard these numbers as anachronisms on lines
recreating the ancient Egyptian system of palms and cubits? Would the
society consider using the Pythagorean theorem to be as anachronistic
as using a ruler?

32
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Historians often credit a
Pythagorean, Hippasus of
Metapontum (ca. 500 B.C.), with
the discovery of irrational
numbers. Earlier civilizations
encountered some of these
numbers without recognizing
them as irrational. The ancient
Egyptians, for example, knew
that the ratio of a circle’s
circumference to its diameter
was constant but supposed that
it had a rational value,
sometimes given as 256/81. 

Legend has it that Hippasus’s
fellow Pythagoreans drowned
him after he demonstrated that
the square root of 2 could not
be expressed as the ratio of two
integers. Students can search
the Web to find additional
information on the history of
irrational numbers at such sites
as http://www.answers.com/
topic/-irrational-number.

A string compass is a pencil
tied to a long string. A student
can draw a circle with a string

compass by choosing a point on
the string to be at the center,

holding the string down at that
point, and pulling the string taut
while drawing around the point.
This is a very ancient method of

constructing a circle.



Assessment 
Be sure to monitor your students’ efforts to devise geometric meth-

ods for constructing numbers on their number lines. Let the students
share ideas and try a variety of strategies. Indeed, students can discover
the methods that the text describes with just a few hints or leading
questions. Whatever methods your students use, they should be able to
justify them geometrically.

Several extensions can reveal how well students understand the
essential ideas of the activity. You might ask your students to use the
geometrical method introduced in step 3 to show that multiplication is
associative and distributes over addition. You could also ask students to
generalize the method to show how to multiply two numbers that
might be negative.

You can also assess your students’ understanding by asking them to
apply what they have learned to a different problem in a new context.
For example, how might someone determine the diameter of a tree
quickly and effortlessly from a measurement of its circumference?
Foresters use an instrument called a π-ruler for this task. On these
rulers, the unit is π inches long. Thus, if the circumference of a tree
measures six of these units, the forester concludes that the diameter of
the tree is 6 inches. In general, circles whose circumferences measure n
of these units have diameters of n inches. 

To assess your students’ understanding of the ideas developed in this
activity, you could ask them to transform their number lines into π-
rulers, with a unit equal to π palms, and with tenths of π palms marked
across the number line, on its opposite edge. You could then have your
students use their tapes to measure the diameters, in palms, of various
cylindrical objects—even trees.

Where to Go Next in Instruction
The activity Designing a Line shows rational and irrational numbers

in the same light—as points on a line. The next activity, Trigonometric
Target Practice, provides a geometrical way to visualize the differences
between rational and irrational numbers. It also connects the idea of a
rational number to a lattice point in the Cartesian plane.
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For an extension to Designing
a Line, see the activity Pi Ruler

in Navigating through
Measurement in Grades 6–8

(Bright et al. 2005, pp. 62–65;
128–30). In this activity,

students create a measuring
tool that that they use to make a

direct measurement of a tree’s
circumference in centimeters

and an indirect measurement of
its diameter in π-scaled

centimeters. They then use their
results, along with established

multipliers, to gauge the 
age of a tree.

Though Pythagoras (ca.
569–500 B.C.) may have been
the first to offer a proof of what

we call the Pythagorean
theorem, ancient tablets (ca.

1900–1600 B.C.) indicate that
the Babylonians already knew of
the relationship that the theorem
identifies between the sides and

the hypotenuse of a right
triangle. The tablets also

suggest that the Babylonians
had rules for generating
Pythagorean triples and

approximated accurately to
five decimal places. Students
can find information about the

history of the Pythagorean
theorem on the Web at such

sites as
http://www.ualr.edu/~lasmoller/

pythag.html. 
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Counting Primes
Goals

• Learn how to determine whether a number is prime or composite
• Prove that two consecutive integers have no positive common 

factor except 1
• Explain why the set of primes is infinite

Materials and Equipment
For each student—
• A copy of the activity sheet “Counting Primes” 
• A graphing calculator 
• (Optional) Access to a computer algebra system (CAS) 

Discussion
Two integers are relatively prime if their greatest common divisor is 1.

In this activity, students prove that any two consecutive integers are 
relatively prime. They use this result to prove the following proposi-
tion: “When p1, p2, …, pn are prime numbers, the prime factorization of
(p1 � p2 � … � pn) + 1 contains none of the primes p1, p2, …, pn .” This
insight prepares the students to discover that no finite set of prime
numbers can contain all the prime numbers. Thus, they prove that the
set of prime numbers is infinite by a method similar to the one that
Euclid used in the fourth century b.c. (Beiler 1966, p. 212). 

Some students may need a review of the definitions of multiple, 
divisor, factor, prime, and relatively prime. Afterward, as a warm-up activ-
ity, you can have each student in the class randomly select two positive
integers and determine whether they are relatively prime. Pool the class
results and determine the experimental probability that two randomly
chosen integers are relatively prime. 

The theoretical probability of this event is (Beiler 1966, p. 225).
The proof of this result is related to perfect squares (Kalman, 1993)—a
topic probed in an activity in chapter 4—and rests on a formula discov-
ered in the eighteenth century by Euler (Beckmann, 1971, pp. 152–3): 

Students begin the activity Counting Primes by studying the spacing
of the multiples of 5 on the number line. They use this spacing in step 1
to explain why two consecutive integers, which differ by 1, cannot both
be multiples of 5. They then prove that the difference between two
multiples of 5 is also a multiple of 5. 

In step 2, they repeat the process with an integer other than 5. They
compare their results with those of their classmates and generalize their
findings to express the idea that the only common positive divisor of
two consecutive integers is 1.

Step 3 asks students to consider two consecutive integers, M and M + 1,
on the number line. The students must explain whether any positive
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As a warm-up activity, you can
have each student in the class
randomly select two positive
integers and determine whether
they are relatively prime.



integer(s) besides 1 can be a divisor of both numbers. It is important 
to let students discuss their justifications for saying that the greatest
common divisor of two consecutive integers is 1. 

Encourage alternative approaches. Some students might use geometric
reasoning based on the number line, noting that multiples of a number
n must be at least n units apart on the line, and hence the only value of
n that would have multiples one unit apart is 1. Other students might
attempt an algebraic argument: If M and N are both multiples of d, then
M = d � h and N = d � k, for some integers h and k. This result implies
that  M – N = d � h – d � k = d(h – k). In other words, the difference
between M and N is also a multiple of d. But if M and N are consecutive
integers, then their difference is 1, and hence their only common 
positive divisor must also be 1.

In step 4, the students apply the definition of prime number by circling
primes on a number line. Some students might circle negative numbers,
thinking that they are also prime. Others might circle the number 1.
Have the students refer to the definition on the activity sheet to resolve
discrepancies in their lists. By definition, prime numbers must be
greater than 1 and have exactly two positive divisors. 

Before your students reach step 5, you should determine whether
they need to review the idea of prime factorization or the fundamental
theorem of arithmetic, which states that every natural number greater
than 1 has a unique prime factorization. These concepts will be useful
to them in the remainder of the activity. 

Step 5 directs the students to select up to six numbers from the
primes that they circled on the number line in step 4. They determine
the product of these primes and add 1 to make a new number, N. They
then use a calculator or other appropriate technology to find the prime
factorization of N.

The students examine the characteristics of N in step 6. N might itself
be a prime, though not one of the primes that the students selected. Or
it might be a composite; the students might realize that if 2 is not one of
their selected primes, then the N will be even and hence composite. 

Since the students start with different sets of prime numbers, they
are likely to make a variety of observations. However, they all should
discover two important facts:  

• No prime in their original list divides N.
• Whenever they divide N by any of their original primes, they

obtain a remainder of 1. 

The students can of course find the remainder though an integer
division with a calculator. However, they will find their work in step 5
more enlightening if they divide by hand or argue the case by using a
number line. Their process in one or two instances will make it very
apparent that the remainder is always 1 when the divisor is any prime
number from the original list of primes (see fig. 2.1). 
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“All students
should … use

number-theory
arguments to justify

relationships involving
whole numbers.”

(NCTM 2000, p. 290)

Fig. 2.1.

A by-hand computation showing
that the remainder of 

2 � 3 � 7 � 13 � 19 + 1 
divided by 13 is 1
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Fig. 2.2.

Using technology to extend the pattern to
longer lists of primes

Steps 7 and 8 conclude the activity, helping the students realize that
for any finite set of prime numbers, they can construct new prime numbers
that do not belong to the set. This fact ensures that the set of prime
numbers is not finite. In these steps, the students essentially follow the
method of Euclid. Given any finite set of primes S = {p1, p2, p3, ..., pn}
they know p1 � p2 � p3 � ... � pn and p1 � p2 � p3 � ... � pn  + 1 are con-
secutive integers and therefore, by the results of step 3, have no common
factors greater than 1. But the prime factors of p1 � p2 � p3 � ... � pn

are exactly the elements of S. Therefore, the set of prime factors of 
p1 � p2 � p3 � ... � pn  + 1, which is nonempty, has no elements in com-
mon with S. Thus, S does not contain all the prime numbers. 

Assessment
The activity Counting Primes pivots on the fact that two consecutive

integers are relatively prime—that is, their greatest common divisor 
is 1. Specifically, the students discover that if p1, p2, p3, ..., pn are prime
numbers, then p1 � p2 � p3 � ... � pn and p1 � p2 � p3 � ... � pn  + 1 have
no common prime factors. To assess your students’ understanding of
this idea, you might ask them to form other numbers that are relatively
prime to p1 � p2 � ... � pn. Students should realize that the integer 
p1 � p2 � p3 � ... � pn  – 1 is also relatively prime to p1 � p2 � ... � pn. 
But there are many other possibilities that the students can construct 
as well. For example, if m is any positive integer that is less than the
smallest prime in the set S = {p1, p2, p3, ..., pn}, then p1 � p2 � ... � pn + m
is relatively prime to p1 � p2 � ... � pn. Or if q is a prime number 
not contained in S, then p1 � p2 � ... � pn + q is relatively prime to 
p1 � p2 � ... � pn. 

Some students may not understand the argument that the set of
primes is infinite. Ask them to investigate the claim that if they began
with 2 and made an ordered list of all the prime numbers, no matter
how long their list became, there would always be prime numbers
larger than any prime on their list. They can work with a calculator
(TI-92 or Voyage 200, for example), a Casio Classpad 300, or an online
factorization program (see fig. 2.2) to extend a list such as that in table
2.1 to include many more of the initial primes. 

Table 2.1 
Prime Factorizations of N = p1 � p2 � ... � pn + 1, for Increasing Ordered
Lists of Primes

Prime Numbers Expression for N
2, 3 2 � 3 + 1 =
2, 3, 5 2 � 3 � 5 + 1 =
2, 3, 5, 7 2 � 3 � 5 � 7 + 1 =



Note that if students go so far as to list all the primes from 2 to 67,
the process will become awkward, since the smallest factor of 2 � 3 � 5
� 7 � 11 � … � 59 � 61 � 67 + 1 is 54,730,729,297. The factoring
algorithms on even the most powerful calculators must search through
too many prime numbers to find this prime factor in a reasonable time. 

It will come as no surprise to many students that there are infinitely
many primes. After all, they know that there are infinitely many integers,
so they can easily imagine that there are infinitely many primes. Never-
theless, to appreciate the significance of—and the need for proving—
the infinitude of primes, students should understand that prime numbers
become increasingly sparse farther out on the number line. This fact
implies that arbitrarily large gaps exist between consecutive primes on
the number line. 

You can assign a variety of tasks to assess your students’ understanding
of the main ideas in the activity. You could ask the students to generate,
for any positive integer n, a string of n – 1 consecutive numbers, all of
which are composite. They could prove that all the numbers in the set
{n! + 2,  n! + 3, …,  n! + n} are composite. For example, if you gave them
n = 101, they would create 100 consecutive composite numbers.

Alternatively, you could ask your students to show that for 

2 � 3 � 5 � 7 � … � pn + m,

where pn is the nth prime number and 1< m < pn+1, they can generate 
a string of ( pn+1 – 2) consecutive numbers, all of which are composite.
For example, consider the product of the first eleven prime numbers: 
a = 2 � 3 � 5 � 7 � 11 � … � 31. The twelfth prime number is 37.
Note that a + 2, a + 3, a + 4, …, and a + 36 form a string of 35 consecu-
tive composite numbers. There is no doubt that each of these numbers
is composite, since the numbers from 2 to 36 all have prime factors that
are less than 37, and all such prime factors are also factors of a. 

Where to Go Next in Instruction
Your students might be interested to know that though prime num-

bers become increasingly rare as the number line continues, a prime
always exists between x and 2x for every integer x greater than 3. In
1850, Chebyshev proved this fact, known as Bertrand’s conjecture
(Beiler 1966, p. 227; Francis 1993, p. 88).

Your students can find many Web sites that are devoted to prime
numbers. These include interesting sites related to the search for larger
and larger prime numbers. This endeavor is of interest in such applica-
tions as cryptography, where prime numbers have special usefulness, as
chapter 3 demonstrates in the activity Rock Around the Clock.

Counting Primes gives students an opportunity to reason about key
ideas in number and operations. Thinking about multiples, divisors,
prime factors, relatively prime numbers, and the infinitude of primes
can deepen students’ understanding of the integers while providing
excellent settings for reasoning and proof. The next activity, Complex
Numbers and Matrices, allows students to extend their reasoning by
establishing field properties for a special set of matrices.
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Useful information about
prime numbers appears at a

variety of Web sites, including
the following: 

• http://www.utm.edu/research/
primes/

(includes links to numerous
Web sites with 

up-to-date information about
prime numbers and the results

of mathematics research
focusing on them) 

• http://mathforum.org/
dr.math/faq/faq.prime .num.html

(“Ask Dr. Math” answers
questions and provides many

links to useful resources for
students and mathematics

classrooms)

• http://www-groups.dcs
.st-and.ac.uk/~history/

HistTopics/Prime_numbers.html
(provides a short history of

prime numbers)
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“Students [in
grades 9–12]
should also extend

their understanding of
operations to number
systems that are new to
them.” (NCTM 2000,
p. 293)

A set is closed under an
operation if performing the
operation on two elements of
the set produces another
element of the set.

Fig. 2.3.

Closure of the set of matrices of the form

under addition and multiplicationa b
b a−

⎡
⎣⎢

⎤
⎦⎥

Complex Numbers and
Matrices
Goals

• Demonstrate fluency with addition and multiplication of complex
numbers

• Understand different representations of complex numbers, includ-
ing ordered pairs, vectors, and matrices

• Determine properties of the complex number system and compare
them with the properties of other systems

Materials and Equipment
For each student—
• A copy of the activity sheet “Adding Complex Numbers”
• A copy of the activity sheet “Multiplying Complex Numbers” 
• A calculator that can multiply matrices
• (Optional) Access to a computer algebra system (CAS)

Discussion
In this activity, students connect four related representations of 

complex numbers. They explore the usual representation of complex
numbers as numbers of the form a + bi, as well as the common geometric
representation of them as points in the complex plane (ordered pairs of
real numbers) and as vectors. They then encounter an unusual fourth

representation of the complex numbers—as matrices of the form , 

where a and b are real numbers. 
The activity guides the students in exploring the operations of 

addition and multiplication, looking for patterns, and making connec-
tions among the various representations. Students should already be
acquainted with addition and multiplication of complex numbers and
matrices before beginning the activity.

Representing complex numbers with matrices may seem strange to
your students. However, as a system of numbers and operations, the
matrix representation satisfies all the properties of the field of complex

numbers. Figure 2.3 shows that the set of matrices of the form ,

where a and b are real numbers, is closed under addition and multiplica-
tion. Thus, if two matrices of this form are added or multiplied, the
result is a matrix of the same form. 

a b
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⎡
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⎤
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a b
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⎡
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⎤
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Fig. 2.4.

You can use the
applet activities

“Driving with One
Vector” and

“Flying with Two Vectors” on the
CD-ROM to introduce your

students to vectors or extend
their understanding of them.

A one-to-one correspondence between

matrices of the form and

compl

a b
b a−

⎡
⎣⎢

⎤
⎦⎥

eex numbers of the form +a bi

A one-to-one correspondence exists between matrices of the form

and the complex numbers. Figure 2.4 demonstrates this corre-

spondence, under which the operations of multiplication and addition
are preserved. When such a correspondence exists between two algebraic
systems of number and operations, the two systems are isomorphic.

Since 

natural for this matrix to correspond to 1, or 1 + 0i, which is the multi-
plicative identity of the complex numbers. Likewise, since

the matrix to correspond to the complex number i, which has

the property i2 = – 1, which is the additive inverse of 1. 

Historically, complex numbers provided a means for solving qua-
dratic and other polynomial equations. Although “imaginary” numbers
appeared in algebra in the sixteenth century, mathematicians largely
discounted them until the early nineteenth century, when Wessel and
Argand introduced their geometric representation as points in the 
complex plane (Boyer 1968, p. 548). 

Part 1, “Adding Complex Numbers,” introduces students to this 
representation and explores adding complex numbers—first as vectors
and then as 2 � 2 matrices. Part 2, “Multiplying Complex Numbers,”
pursues the use of 2 � 2 matrices to represent complex numbers, now
focusing on their multiplication.

If your students have not encountered vectors, or if they need to
review them, you can have them work with the vector activities on the
CD-ROM, “Driving with One Vector” and “Flying with Two Vectors.”
Both of these activities include applets that demonstrate the influence
of the magnitude and the direction of a vector.

Part 1—“Adding Complex Numbers”
Part 1 of Complex Numbers and Matrices introduces students to the

geometric representations of complex numbers as vectors and as points
in the plane denoted by ordered pairs of real numbers. After a quick
review of adding complex numbers in step 1, students investigate addi-
tion with both ordered pairs and vectors in steps 2 and 3 to establish the
connection in each case with the addition of complex numbers. To
avoid confusion in notation, this brief activity does not use the vector
notation but instead has students construct parallelograms
whose diagonal vector is the sum of two vectors. 
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Fig. 2.5.

Using a CAS to discover and validate the
onee-to-one correspondence between the

producct of two matrices of the form
a b
b− a

⎡
⎣⎢

⎤
⎦⎥

and the product of two complex nummbers

Fig. 2.6.

Using a CAS to investigate and
validate the commutative property
for the multiplicatioon of 2 2

matrices of the form

×

−
a b
b a

⎡
⎣⎢

⎤
⎦⎥

In step 4, students examine addition of matrices of the form

Step 5 concludes the activity by having the students show that the set of
matrices of this form is closed under addition. In this step, the students
also establish the correspondence between the addition of complex
numbers and the addition of matrices of this form.

Part 2—“Multiplying Complex Numbers”
In part 2 of Complex Numbers and Matrices, students delve deeper

into the relationship between complex numbers (a + bi) and matrices of

the form by investigating multiplication. The students find

the products of three pairs of complex numbers in step 1, and in step 2
they multiply three pairs of matrices. After your students have completed
one computation of each type by hand, you might decide to have them
use a calculator for others of the same type so that they can begin to
investigate the details and establish patterns. 

Your students will continue this work in step 3, which asks them to
use examples of their own to compare their work in steps 1 and 2. After
constructing their own examples, they can quickly check the results.
Whether they work with a calculator, with a CAS (as illustrated in 
fig. 2.5), or by hand, they should be able to generalize their results to
establish the one-to-one correspondence between the product of two

matrices of the form and the product of two complex numbers.

In general, matrix multiplication is not commutative. Step 4 reminds
the students of this fact by having them consider the multiplication of 

two 2 � 2 matrices that are not of the form . However, step 5

leads them to conclude that multiplication for matrices of the form 

is commutative. Figure 2.6 illustrates how technology can
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Fig. 2.7.

Using a CAS to investigate and 
generalize multiplicative inverses

facilitate this discovery by exploring many specific cases as well as the
general case. You should also encourage your students to attempt
paper-and-pencil demonstrations of the results since multiplication of 
2 � 2 matrices is relatively simple. 

In step 6, the students compute the multiplicative inverses for a

complex number and a matrix of the form . Once again, they

are encouraged to notice the correspondence, this time between the
inverses. To find the inverses, the students multiply the given expres-
sions and set up a system of equations. The students must solve for a
and b in the equation (3 + 4i)(a + bi) = (1 + 0i). Multiplying yields
(3a – 4b) + (4a + 3b)i = (1 + 0i), and this equation yields the system

which implies the same system. Solving the system of equations, students  

generalize their results as in figure 2.7.

Step 7 concludes part 2 of the activity with an investigation of the
correspondence between the properties of the complex numbers and

matrices of the form under addition and multiplication. This

step gives students a chance to review the field properties of these 
operations. For example, students should check to see whether multi-
plication is associative, whether multiplicative and additive inverses

exist for all nonzero , and whether multiplication distributes

over addition.

Assessment
The final step of part 2 offers an excellent opportunity to assess stu-
dents’ understanding of the correspondence between the complex

numbers and the set of matrices of the form . You can

divide your students into groups and ask the groups to present their
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“All students [in
grades 9–12]

should … develop
fluency in operations with
real numbers, vectors, and

matrices, using mental
computation or paper-and-

pencil calculations for
simple cases and technology
for more complicated cases.”

(NCTM 2000, p. 290)
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results orally to the class. Having the students make presentations
allows for an easy and efficient check of their understanding of the
properties of these systems of numbers and operations. 

You may find that some students are not ready to compare the systems
property by property because they cannot articulate what the significant
properties are. However, on the basis of their work in the activity, even
these students should be able to say that the systems are essentially 
the same. They should observe that the elements in one match the 
elements in the other, noting as well that when someone adds or 
multiplies these elements, the results match. This matching—or 
correspondence—is essentially the notion of isomorphism, which is so
fundamental in mathematics. 

There are many number systems that students in grades 9–12 can
explore in the way that they investigated the matrix system in this activity.
Such investigations can serve as very fruitful extensions of the activity,
offering opportunities to assess students’ understandings and miscon-
ceptions about the basic ideas of number systems. 

Consider, for example, the following operations on the real numbers:
a � b = a + b + 1, and a � b = ab + a + b. These operations give a sys-
tem of numbers that is isomorphic to the real numbers except that the
additive identity of the new system is –1, and its multiplicative 
identity is 0. 

If you wish to give your students a more exotic example, you can
challenge them to explore the following operation on the integers: 

a � b = .

They will discover that this operation is associative, with an identity
element and inverses, but it is not commutative. When the operation is
restricted to integers modulo n and n is even, it still has these properties,
and the finite systems that it generates are isomorphic to the groups 

of symmetries of regular polygons with sides. When restricted to

integers modulo n, where n is odd, the operation has vastly different
properties and fails to be a group operation except in the trivial case
where n = 1.

Where to Go Next in Instruction
The activity Complex Numbers and Matrices helps students make a
profound connection between the field of complex numbers and the

field of matrices of the form . Along the way, they can

improve their computational fluency with complex numbers and matri-
ces. The next activity, Solve that Number, helps students deepen their
understanding of complex numbers and real numbers by investigating
numbers that are algebraic—that is, numbers that are the roots of poly-
nomials with integer coefficients.
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Rock Around the Clock 
Goals

• Introduce students to clock arithmetic systems
• Study properties of integer multiplication modulo n
• Use multiplication modulo 31 for encoding and decoding a 

position cipher

Materials and Equipment
For each student—

• A copy of the activity sheet “Like Clockwork”
• A copy of the activity sheet “Encryption à la Mod” 
• A copy of the activity sheet “Ciphering in Mod 31”
• A copy of the activity sheet  “Make a Code / Break a Code” 
• A calculator

Discussion
Codes and the secrets that they conceal have a perpetual fascination.

Mathematics teachers can take advantage of students’ curiosity about
codes to explore the interesting mathematics of cryptography.

Cryptographers call the simplest codes substitution ciphers. In these
ciphers, each punctuation mark, numeral, or letter of the alphabet takes
the place of a different letter, numeral, or punctuation mark. For exam-
ple, using the substitution values in figure 3.5, a cryptographer could
encode the message Wheel-of-Fortune as ETWWPAMVAVMJHGNW.
Substitution ciphers are easy to “crack,” or decode, because of the relative
frequency with which particular letters appear in messages. Fans of the
popular TV game show Wheel of Fortune know the most common letters
in words and phrases. For example, E is the most frequently occurring
letter in the English language. Thus, the substituted value for an E is 
usually relatively easy to determine in a simple substitution cipher.

One method of making substitution codes more difficult to decipher
is to use a coding scheme that depends on the position of the characters
in a message. Such a code is called a position cipher. The activity Rock
Around the Clock presents a particular application of this strategy. This
coding scheme combines the ideas of prime number, multiplication,
modular arithmetic, and inverses to render Wheel-of-Fortune as
WPOT,GLQZ,J?LOXR. Note that the Es that occur in Wheel-of-Fortune
do not correspond to the same letter in the encoded message. In this
position cipher, their encoding depends on their position in the original
phrase.

A B C D E F G H I J K L M N O
? Z Y X W V U T S R Q P O N M

P Q R S T U V W X Y Z - . , ?
L K J I H G F E 24 C B A , . 30
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Fig. 3.5. 

A simple substitution cipher for plaintext

pp. 111–13; 114–17;
118–19; 120–23  



Rock Around the Clock consists of four parts that take students step
by step from the basics of modular arithmetic—also known as “clock
arithmetic”—to the use of mod 3l for encoding and decoding simple
messages. In part 1, students explore the idea of “walking” a number
around a “clock.” In part 2, they investigate properties of multiplication
modulo 7. They extend these properties to mod 31 in part 3. In part 4,
they apply multiplication modulo 31 to actual tasks of ciphering and
deciphering messages.

Part 1—“Like Clockwork”
After the students learn what it means in modular arithmetic to

“walk” a number around a clock, they walk the number 20 around a
mod 7 clock in a clockwise direction and look for patterns in the num-
bers that “stop” in the same spot on the clock. If they walked 3925
around the clock, where would it stop? They consider possible short-
cuts for determining the answer to this question. 

They should notice that a number’s position on the clock is the same
as the remainder that they obtain when they divide the number by 7.
For example, 20 � 7 has a remainder of 6. Hence, when they walk 20
around the clock starting at 0, they stop at 6. The students learn that
the notation [n]7 refers to the remainder when n is divided by 7. Thus,
[20]7= 6.

The students evaluate [39]7, [7 � 69 + 2]7, [7 � 439 + 39]7, and 
[7n + 3]7, gradually realizing that for integers h and k both greater than
or equal to 0, [7h + k]7=[k]7. The stop that they found for 20 on the
mod 7 clock supports this conclusion: 20 = 7(2) + 6, so the stopping
position of 20 is 6. 

The students then consider the division algorithm for integers in
relation to the problem of determining stopping positions on the mod 7
clock. This algorithm ensures that for any positive integer p, unique
integers q and r exist such that p = 7q + r, where 0 ≤ r < 7. The division
algorithm should be no mystery to students. It summarizes what they
already know about long division of positive integers—that the long-
division process yields a unique quotient and remainder, and the
remainder is less than the divisor but greater than or equal to 0. This
fact has theoretical importance in part 2, where several proofs involve
the assumption that every positive integer n can be expressed uniquely
in the form n = 7q + r, where q and r are integers and 0 ≤ r < 7. 

Once your students have grasped the connection between stopping
positions on the mod 7 clock and division by 7, they will be ready to
look for shortcuts to solving multiplication problems. They should 
discover that they can determine the remainder of a product like 
[29 � 47]7 by noting that [29]7 = 1 and [47]7 = 5 and [1 � 5]7 = [5]7 = 5.
Thus, [29 � 47]7 = 5. They should see, in other words, that in a prod-
uct, they can replace a factor (n or m or both) with its remainder mod-
ulo 7 without affecting the outcome—the remainder of n � m when
divided by 7.

The students prove this proposition and reflect on its significance 
in the last steps of part 1. The proof involves expressing both n and m
in the form 7a + b, where a and b are integers, as guaranteed by the 
division algorithm. The students let n = 7q + r and m = 7p + s. They
substitute first for n in the product [n � m]7:

[n � m]7 = [(7q + r) � m]7 = [7qm + rm]7.
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The division algorithm for
integers claims that if n and d ≥
1 are integers, then there exist
uniquely determined integers q
and r such that n = dq + r and
0 ≤ r < d.
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Fig. 3.6. 

Multiplication modulo 7

Then, using the fact that for any integers h and k, [7h + k]7 = [k]7, they
get [7qm + rm]7 = [r � m]7. Therefore, replacing n with r, or its remain-
der modulo 7, does not change the value of [n � m]7. Likewise, when
the students substitute 7p + s for m and repeat the argument, they get 

[r � m]7 = [r � (7p + s)]7 = [7pr + rs]7 = [r � s]7.

Thus, replacing m with s, or its remainder modulo 7, also has no effect
on the value of [n�m]7.

Part 2—“Encryption à la Mod”
In part two, the students investigate the mod 7 encryption numbers

(1, 2, 3, 4, 5, and 6) under the mod 7 multiplication operation, defined
as n � m = [n � m]7. The students complete an operation table for 
mod 7 (see fig. 3.6), which reveals many important facts about this 
system of number and operation.

The students discover that the system is closed under the operation
� and has an identity element. They find that each number in the sys-
tem has a multiplicative inverse, and the operation � is commutative.
Using what they know about remainders of numbers divided by 7, the
students explain why the system has these properties.

In the language of abstract algebra, the system forms an abelian 
group. The one property of such a group that is not evident from the
table is associativity. The activity asks the students whether or not the
operation � is associative. Does a � (b � c) = (a � b) � c for any 
mod 7 encryption numbers a, b, and c? 

Your students may base their conclusion on random tests of specific
cases, and you should allow them to do so. However, they may see that
a proof of the associativity of � follows from their discovery in part 1
that in a product n � m, replacing a factor (n or m or both) with its
remainder modulo 7 does not affect the outcome of finding the remain-
der of n � m when divided by 7.
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From this work in part 1, the students know that [a � (b � c)]7 = 
[a � [b � c]7]7, which by definition equals a � (b � c). Likewise, they
know that [(a � b) � c]7= [[a � b]7 � c]7, which by definition equals 
(a � b) � c. Since integer multiplication is associative—that is,
a � (b� c) = (a � b) � c—they can conclude that [a � (b � c)]7 = 
[(a � b) � c]7 and, therefore, a � (b � c) = (a � b) � c.

Students who have access to programmable calculators can easily
check relatively small finite systems for associativity. Figure 3.7 shows
one program that they can use. Written for a TI-73 calculator, the pro-
gram checks every possible case in the system to see if associativity
holds. For the mod 7 system, this involves checking 63, or 216, cases.

On a TI-73, the command Remainder(n,7) gives the remainder
when an integer n is divided by 7. For the integers L, M, and N
greater than or equal to 0 and less than or equal to 6, the program
checks every possible case to see if it is ever true that L � (M � N) =/
(L � M) � N. If the program finds such a case, it returns “Not 
Associative” and the values of L, M, and N for which this is true. If it
fails to find such a case, it returns “Associative.”

Students can easily modify the program in figure 3.7 for other modu-
lar systems and other calculators. To check associativity for the mod 31
system, for example, they would need only replace each 6 in the pro-
gram by 30 and each 7 by 31. To check associativity for a modular sys-
tem on a calculator other than a TI-73, students may have to use
slightly different commands. On a TI-83 Plus graphing calculator, for
instance, checking associativity for mod 7 would require the command
n–7�int(n/7) , which gives the remainder of dividing an integer n
by 7. Run-time for such checks can vary from calculator to calculator
and from one mod system to another. To check the mod 31 system for
associativity, some calculators might take several minutes because they
would have to check 303, or 27,000, cases. 

Part 2 also guides the students in exploring the properties of the mod
6 system and comparing them with those of the mod 7 system. This
work enables the students to discover the key to the usefulness of prime
numbers in a position system of encryption. If n is a prime number, the
set of integers {1, 2, 3, …, n – 1} forms a group under multiplication
mod n. This means that each number 1, 2, 3, …, n – 1 has a multiplica-
tive inverse modulo n. When n is a composite positive integer, this is
not the case. In the mod 6 system, for example, as the students discover,
only 1 and 5 have multiplicative inverses. These are exactly the integers
that are relatively prime to 6 under normal integer multiplication.

There is one final step that the students must take before learning
the method that the activity presents for coding and decoding position
ciphers. They must create a table of inverses for the integers 1, 2, 3, …, 30
under multiplication mod 31. If your students need assistance, you can
offer an effective strategy. Tell them to look for pairs of integers
between 1 and 30 whose products are one more than a multiple of 31.
For example, 63 = 31(2) + 1. Therefore, 7 and 9 are multiplicative
inverses mod 31. But since –7 � –9 = 63, the numbers on the mod 31
clock corresponding to –7 and –9 are also multiplicative inverses 
modulo 31. Since 31 – 7 = 24, and 31 – 9 = 22, then 24 and 22 are also
inverses modulo 31. Figure 3.8 shows all the multiplicative inverses
mod 31 for the integers from 1 to 30. 

TI-73 Program

PROGRAM: ASSOCIATE
:For(L,1,6)
:For(M,1,6)
:For(N,1,6)
:If
remainder(L*remainder(M*N,7),7
)
remainder(remainder(L*M,7)*N,7
)
:Then
:Disp L,M,N
:Disp “NOT ASSOCIATIVE”
:Stop
:End
:End
:End
:End
:Disp “ASSOCIATIVE”
:Pause
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Fig. 3.7.

A program on a TI-73 calculator for
testing mod 7 multiplication for
associativity



Part 3—“Ciphering in Mod 31”
Part 3 takes the students through the steps of using a position cipher 

to encode the message I have a secret. To encode or decode with a position
cipher, a cryptographer needs to create a list of substitution values for
each alphabetic character and punctuation mark. The particular tech-
nique that the students learn in Rock Around the Clock also requires that
the number of substitution values be one less than a prime number. Since
there are twenty-six letters in the English alphabet, the prime number 31
allows substitution values for all the alphabetic characters plus four punc-
tuation marks. The character for the value 27 is – a short dash. This posi-
tion system uses this character to represent the space between words.

Figure 3.9 shows the set of thirty substitution values that the activity
sheet presents for these characters. Needless to say, many other substi-
tution schemes are possible. In fact, there are 30! ways of assigning the
numbers 1 through 30 to the characters in the table.

As the students know from the last step of part 2, the numbers 1
through 30 in figure 3.9 all have inverses under mod 31 multiplication.
For example, 7 � 9 = [7 � 9]31 = [63]31 = 1, a product that indicates that
7 and 9 are inverses under mod 31 multiplication. There is no character
with a value of 31 since [31]31 is 0, and 0 does not have an inverse under
mod 31 multiplication. 

To encode their message, the students complete a table, filling in the
characters of the message and the corresponding position values, substi-
tution values, ciphertext values, and ciphertext for the encoded message.
Figure 3.10 shows the completed table.

To fill in row 1, the students simply enter the plaintext of the message
letter by letter. They must remember that the message ends in a period,
and they must be sure to use a dash for the space between words. 

Completing row 2 is also easy—the first character in the plaintext
has a position value of 1, the second character has a position value 
of 2, and so on. (Students learn that for a message of more than thirty
characters, the counting scheme would begin again at 1 with the thirty-
first character.) 

Supplying the values in row 3 is also straightforward. To fill in this
row, the students use the substitution values for plaintext (shown here
as fig. 3.9). 
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x 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
x-1 1 16 21 8 25 26 9 4 7 28 17 13 12 20 29

x 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
x-1 2 11 19 18 14 3 24 27 22 5 6 23 10 15 30

Fig. 3.9. 

Substitution values for plaintext

Figure 3.8.

Multiplicative inverses in 
the mod 31 system

A B C D E F G H I J K L M N O

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

P Q R S T U V W X Y Z – . , ?

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30



The task of completing row 4 is a bit more complex. The students
discover that they must use modular multiplication to complete this
row. They must determine the product mod 31 of each character’s 
position value and its substitution value. 

Completing row 5 is again straightforward. The students simply use
the substitution values, as in row 3.

If you think your students will have difficulty following these steps
on their own, you can conduct this part of the activity as a group lesson
in encoding. For this lesson, you can make transparencies from the
blackline activity pages and go through them step by step with your
students.

Part 4—“Make a Code / Break a Code”
The students are now set to apply what they have learned about

using mod 31 multiplication to the creation of their own position
ciphers. In part 4, they complete tables like that in figure 3.10 to
encode two new messages: Math is useful and their first names.

This part of the activity also introduces the students to the process 
of decoding a message. They consider two messages that someone 
has encoded with a position cipher and mod 31 multiplication. Now 
the students discover the usefulness of the multiplicative inverses of
encryption numbers. They again consider the message I have a secret.
When they encrypted this message in part 3, they encoded each charac-
ter by multiplying its position value by its substitution value. To decode
the resulting message IWXDQ?CHZDXEQHUN, they must multiply
each ciphertext value by the multiplicative inverse of its position value. 

The students thus see that a table for decoding such a message needs
one more row than a table for encoding it, since it must include a row
for the inverses of the position values. Figure 3.11 shows the completed
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Fig. 3.10.

A completed table for encoding the
message I have a secret.

Plaintext I – H A V E – A – S E C R E T .

Position 
values 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Substitution 
values 9 27 8 1 22 5 27 1 27 19 5 3 18 5 20 28

Ciphertext
values 9 23 24 4 17 30 3 8 26 4 24 5 17 8 21 14

Ciphertext I W X D Q ? C H Z D X E Q H U N

Ciphertext I W X D Q ? C H Z D X E Q H U N
Position values 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Inverses of 
position values 1 16 21 8 25 26 9 4 7 28 17 13 12 20 29 2
Substitution
values 9 23 24 4 17 30 3 8 26 4 24 5 17 8 21 14
Plaintext values 9 27 8 1 22 5 27 1 27 19 5 3 18 5 20 28
Plaintext I – H A V E – A – S E C R E T .

Fig. 3.11. 

A completed table for 
decoding the message 
IWXDQ?CHZDXEQHUN
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